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Model

Data Presentation

Data elements (x, wy) have a key x and a numeric value wy > 0

@ Elements have unique keys. (Results extend when multiple elements have
the same key x, and we interpret w; as the max weight over elements.)
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Model

Data Presentation
Data elements (x, wy) have a key x and a numeric value wy > 0

@ Elements have unique keys. (Results extend when multiple elements have
the same key x, and we interpret w; as the max weight over elements.)
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Model

Data Presentation

Data elements (x, wy) have a key x and a numeric value wy > 0

@ Elements have unique keys. (Results extend when multiple elements have

the same key x, and we interpret w; as the max weight over elements.)
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Queries

Queries are specified over the set of pairs (x, wy)
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Queries: Summary statistics

QF, H) = ()

xeH

@ Function f(w) > 0 for w > 0 so that £(0) =0

o Selected segment H C X (domain, subpopulation) of keys (based on
demographic, location, src, dest, protocol,...)

Example f():
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Queries: Summary statistics

QU H) =) F(w)
xeH
@ Function f(w) > 0 for w > 0 so that £(0) =0
o Selected segment H C X (domain, subpopulation) of keys (based on
demographic, location, src, dest, protocol,...)
Example f():
e Distinct Count f(w) =1 (# active keys in segment)

e Sum f(w) = w (sum of weights of keys in segment)
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Queries: Summary statistics

QF H) = f(w)
xeH
@ Function f(w) > 0 for w > 0 so that £(0) =0
o Selected segment H C X (domain, subpopulation) of keys (based on
demographic, location, src, dest, protocol,...)
Example f():
e Distinct Count f(w) =1 (# active keys in segment)
e Sum f(w) = w (sum of weights of keys in segment)
e Moments f(w) = w” (p > 0) (distinct p =0, sum p = 1)
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Queries: Summary statistics

Qf H) = f(w)

xeH

e Function f(w) > 0 for w > 0 so that £(0) =0

o Selected segment H C X (domain, subpopulation) of keys (based on
demographic, location, src, dest, protocol,...)

Example f():
e Distinct Count f(w) =1 (# active keys in segment)
e Sum f(w) = w (sum of weights of keys in segment)
e Moments f(w) = w” (p > 0) (distinct p =0, sum p = 1)
e Capping f(w) = capy = min{T,w} (distinct T =1, sum T = +00)
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Queries: Summary statistics

Qf H) = f(w)

xeH

e Function f(w) > 0 for w > 0 so that £(0) =0

o Selected segment H C X (domain, subpopulation) of keys (based on
demographic, location, src, dest, protocol,...)

Example f():
e Distinct Count f(w) =1 (# active keys in segment)
e Sum f(w) = w (sum of weights of keys in segment)
e Moments f(w) = w” (p > 0) (distinct p =0, sum p = 1)
e Capping f(w) = capy = min{T,w} (distinct T =1, sum T = +00)
e Threshold f(w) = threshr = l,>7 (T > 0)
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Queries: Summary statistics

Qf H) = f(w)

xeH

e Function f(w) > 0 for w > 0 so that £(0) =0

o Selected segment H C X (domain, subpopulation) of keys (based on
demographic, location, src, dest, protocol,...)

Example f():
e Distinct Count f(w) =1 (# active keys in segment)
e Sum f(w) = w (sum of weights of keys in segment)
Moments f(w) = wP (p > 0) (distinct p =0, sum p = 1)
Capping f(w) = capy = min{ T, w} (distinct T =1, sum T = +00)
Threshold f(w) = threshy = l,>7 (T > 0)
Log f(w) = log(1 + w)
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Queries: Summary statistics

Qf H) = f(w)

xeH

e Function f(w) > 0 for w > 0 so that £(0) =0

o Selected segment H C X (domain, subpopulation) of keys (based on
demographic, location, src, dest, protocol,...)

Example f():
e Distinct Count f(w) =1 (# active keys in segment)
e Sum f(w) = w (sum of weights of keys in segment)
Moments f(w) = wP (p > 0) (distinct p =0, sum p = 1)
Capping f(w) = capy = min{ T, w} (distinct T =1, sum T = +00)
Threshold f(w) = threshy = l,>7 (T > 0)
Log f(w) = log(1 + w)

These functions are monotone non-decreasing with w.
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Example queries Q(f, H)
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Example queries Q(f, H)
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Segment H: space travelers
Q(count,H) =4  Q(caps, H) =19  Q(threshyg, H) =2
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Example queries Q(f, H)

Fay B

P ] é & Py
135 v 2 9v

18 v 21

Segment H: space travelers

Q(count,H) =4  Q(caps, H) =19  Q(threshyg, H) =2
Segment H: Good guys
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Example queries Q(f, H)

Fay B
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Segment H: space travelers

Q(count,H) =4  Q(caps, H) =19  Q(threshyg, H) =2
Segment H: Good guys
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Example queries Q(f, H)
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Segment H: space travelers
Q(count,H) =4  Q(caps, H) =19  Q(threshyg, H) =2

Segment H: Good guys
Q(count,H) =4  Q(In(1+ w), H) ~ 12.56
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Example queries Q(f, H)
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Segment H: space travelers
Q(count,H) =4  Q(caps, H) =19  Q(threshyg, H) =2

Segment H: Good guys
Q(count,H) =4  Q(In(1+ w), H) ~ 12.56

Q: Segment
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Example queries Q(f, H)
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Segment H: space travelers
Q(count,H) =4  Q(caps, H) =19  Q(threshyg, H) =2

Segment H: Good guys
Q(count,H) =4  Q(In(1+ w), H) ~ 12.56

Q: Segment
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Example queries Q(f, H)

o)

i a4 & N 4

®
135 wv 2 9v 18 wv 21v 4 v

Segment H: space travelers
Q(count,H) =4  Q(caps, H) =19  Q(threshyg, H) =2

Segment H: Good guys
Q(count,H) =4  Q(In(1+ w), H) ~ 12.56

Q: Segment
Q(count, H) =3  Q(L3,H) =769
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in a single pass.

If we know the queries Q(f, H) in advance, the result can be computed
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Weighted Sampling

If we know the queries Q(f, H) in advance, the result can be computed
in a single pass.

Challenge: Data is massive and queries are often specified on the go, may
not know H or even f in advance. We want to compute a sample from
which we can quickly estimate the results.
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Weighted Sampling

If we know the queries Q(f, H) in advance, the result can be computed
in a single pass.

Challenge: Data is massive and queries are often specified on the go, may
not know H or even f in advance. We want to compute a sample from
which we can quickly estimate the results.

Goals:

e Optimize tradeoffs of sample quality (statistical guarantees) and size.
e Scalable computation: A single pass on streamed or distributed
elements, small state proportional to sample size
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Weighted Sampling

If we know the queries Q(f, H) in advance, the result can be computed
in a single pass.

Challenge: Data is massive and queries are often specified on the go, may
not know H or even f in advance. We want to compute a sample from
which we can quickly estimate the results.

Goals:

e Optimize tradeoffs of sample quality (statistical guarantees) and size.

e Scalable computation: A single pass on streamed or distributed
elements, small state proportional to sample size

When we know f, but not H in advance: Use a weighted sample
computed with respect to f(wy).
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Weighted Sampling

If we know the queries Q(f, H) in advance, the result can be computed
in a single pass.

Challenge: Data is massive and queries are often specified on the go, may
not know H or even f in advance. We want to compute a sample from
which we can quickly estimate the results.

Goals:

e Optimize tradeoffs of sample quality (statistical guarantees) and size.

e Scalable computation: A single pass on streamed or distributed
elements, small state proportional to sample size

When we know f, but not H in advance: Use a weighted sample
computed with respect to f(wy).

When we want to work with multiple f, we can use a multi-objective
(MO) weighted sample, computed with respect to a set of functions F.
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Weighted sampling schemes

e Data provided as key value pairs (x, wy).

o Compute a sample Sf of size k from which we can estimate Q(f, H).
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Weighted sampling schemes
e Data provided as key value pairs (x, wy).

o Compute a sample Sf of size k from which we can estimate Q(f, H).

To get good size/quality tradeoffs, use (roughly) Pr[x € S] o f(wy).
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Weighted sampling schemes

e Data provided as key value pairs (x, wy).

e Compute a sample Sf of size k from which we can estimate Q(f,

To get good size/quality tradeoffs, use (roughly) Pr[x € S] o f(wy).

@ Poisson Probability Proportional to Size (PPS): Sample keys

independently with p, = min{1, Zé(ff%/v)x)}

@ Bottom-k (order/weighted reservoir) sampling [Ros97, CKO07]
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Weighted sampling schemes

e Data provided as key value pairs (x, wy).
o Compute a sample Sf of size k from which we can estimate Q(f, H).
To get good size/quality tradeoffs, use (roughly) Pr[x € S] o f(wy).

@ Poisson Probability Proportional to Size (PPS): Sample keys

independently with p, = min{1, Zé(ff%/v)x)}

@ Bottom-k (order/weighted reservoir) sampling [Ros97, CKO07]

foreach key x do  // Z[w]|: distribution parameterized by w
| seed(x) ~ Z[f(wy)]
S < k keys with smallest seed(x); 7 < (k + 1)th smallest seed(x)
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Weighted sampling schemes

e Data provided as key value pairs (x, wy).
o Compute a sample Sf of size k from which we can estimate Q(f, H).
To get good size/quality tradeoffs, use (roughly) Pr[x € S] o f(wy).

@ Poisson Probability Proportional to Size (PPS): Sample keys

independently with p, = min{1, Zé(ff%/v)x)}

@ Bottom-k (order/weighted reservoir) sampling [Ros97, CKO07]

foreach key x do  // Z|w|:
| seed(x) ~ Z[f(wy)]

S < k keys with smallest seed(x); 7 < (k + 1)th smallest seed(x)

distribution parameterized by w

@ Sequential Poisson (priority) [Ohl98, DTLO7]:
seed(x) ~ U[0,1/f(wy)]

e PPS without replacement (ppswor) [Ros72, Coh97, CK07]:
seed(x) ~ Exp[f(wy)]
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wx) by 0 if x € S and by g(wy)/px if x € S.
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wx) by 0 if x € S and by g(wy)/px if x € S.

Qle.H)= Y glw)= > £

xeH xeHns X
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wx) by 0 if x € S and by g(wy)/px if x € S.

Qle.H)= Y glw)= > £

xeH xeHns X

Applies when we can compute p, for x € S
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Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wx) by 0 if x € S and by g(wy)/px if x € S.

Qle.H)= Y glw)= > £
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wy) by 0 if x ¢ S and by g(wy)/px if x € S.

O H) =Y a(w) = 3 &)

xeH x€EHNS Px

Applies when we can compute p, for x € S

° (since g is) ° (if g(wy) >0 = f(wy) > 0)

Poisson PPS samples: p, = min{1, kffvg)\;,)x)}

We have w, for sampled keys x € S, and the total ) f(wy)
=—> can compute p, and apply estimator.
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wx) by 0 if x € S and by g(wy)/px if x € S.

Qle.H)= Y glw)= > £

xeH xeHns X

Applies when we can compute p, for x € S

° (since g is) ° (if g(wy) >0 = f(wy) >0)

Bottom-k samples: p, is not available so instead we use

px|- = Pr[seed(x) < 7] = Pr[Z[f(wy)] < 7]
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wy) by 0 if x ¢ S and by g(wy)/px if x € S.

Qle.H) =Y glw)= > £

xeH x€eEHNS x
Applies when we can compute p, for x € S
° (since g is) ° (if g(wyx) >0 = f(wy) >0)

Bottom-k samples: p, is not available so instead we use

px|- = Pr[seed(x) < 7] = Pr[Z[f(wy)] < 7]

The inclusion probability of x conditioned on randomization of all other
keys:T is the kth smallest seed(y) for y # x; x € S <= seed(x) < T

e For ppswor Z[y] = Exply] : py, =1— e f(wI)r
o For priority Z[y] = U[0,1/y] : py» = min{f(wx)7,1}
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wx) by 0 if x € S and by g(wy)/px if x € S.

Qle.H)= Y glw)= > £

xeH xeHns X

Applies when we can compute p, for x € S

° (since g is) ° (if g(wy) >0 = f(wy) >0)

Bottom-k samples: p, is not available so instead we use

px|- = Pr[seed(x) < 7] = Pr[Z[f(wy)] < 7]
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Estimators from weighted samples

Inverse probability estimator of Q(g, H) from the sample S

px = Pr[x € S]: probability that key x is sampled
For each key x, estimate g(wx) by 0 if x € S and by g(wy)/px if x € S.

Qle.H)= Y glw)= > £

xeH xeHns X

Applies when we can compute p, for x € S
° (since g is) ° (if g(wyx) >0 = f(wy) >0)

Bottom-k samples: p, is not available so instead we use

px|- = Pr[seed(x) < 7] = Pr[Z[f(wy)] < 7]

N ~ ~ WX
Qe Hy= 3 &l | 1), where a(w, | ) = E*)
x€HNS Px|r

How good is this estimate?
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Priority (sequential Poisson) sampling example
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Priority (sequential Poisson) sampling example

i)

T T SRR
wy | 135 2 9

Count 1 1 1
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Priority (sequential Poisson) sampling example

Fai b

T T SRR
wy | 135 2 9

18 21 4 11 4 2
Count 1 1 1 1 1 1 1 1 1
Ux 052 024 076 090 0.14 032 044 0.07 0.82
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Priority (sequential Poisson) sampling example

Fai b

Y S Y
Wy 135 2 9

~ e

Count 1 1 1

[y
[y

[y

Ux 052 024 076 090 0.14

For k = 3, the sample is b , % *
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Priority (sequential Poisson) sampling example

& . » _

L 1P A 4w 1 v o+ ¢ K
Wy 135 2 9 18 21 4 11 4 2

Count 1 1 1 1 1 1 1 1 1
Ux 052 024 076 090 0.14 032 044 0.07 0.82

For k = 3, the sample is b , % *

7 = 0.32 (4" smallest seed) —
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Priority (sequential Poisson) sampling example

i)

T T SRR
wy | 135 2 9

18 21 4 11 4 2
Count 1 1 1 1 1 1 1 1 1
Ux 052 024 076 090 0.14 032 044 0.07 0.82

For k = 3, the sample is b , % *

7 = 0.32 (4" smallest seed) —
inclusion probabilities are p,|, = 0.32 for all.
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..Priority (sequential Poisson) sampling example

')

B 4 W
Wy 135 2 9 18 21

e
R
4 11
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..Priority (sequential Poisson) sampling example

=iy

) R Y S~ 1) o1
W, 135 2 o 18 21 4

11

capg(wy) 5 2 5 5 5

4 5
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..Priority (sequential Poisson) sampling example

& ) ® _ ‘
x G T S W ® 1 ® i
Wi 135 2 9 18 21 4 11 4 2
caps(wx) 5 2 5 5 5 4 5 4 2
oofwy | 0104 0120 0152 0.8 0.064 0.080 0.088 0.0175 0.41
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..Priority (sequential Poisson) sampling example

& ) » _ ‘
x 2 * 4 ¥ ﬂ R & b i
Wy 135 2 9 18 21 4 11 4 2
capg(wx) 5 2 5 5 5 4 5 4 2
Cap:fWX) 0.104 0.120 0.152 0.18 0.064 0.080

0.088 0.0175 0.41

For k = 3, the sample is b-) , % g
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..Priority (sequential Poisson) sampling example

& ) » _ ‘
x 2 * 4 ¥ ﬂ R & b i
Wy 135 2 9 18 21 4 11 4 2
capg(wx) 5 2 5 5 5 4 5 4 2
Cap:fWX) 0.104 0.120 0.152 0.18 0.064 0.080

0.088 0.0175 0.41

For k = 3, the sample is b-) , % g

7 = 0.088 (4" smallest seed) —
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.Priority (sequential Poisson) sampling example

& ) ® _ ‘

X 2 * 4 \s:' ﬁ ‘ﬁ Z, % *
Wy 135 2 9 18 21 4 11 4 2

capg(wx) 5 2 5 5 5 4 5 4 2

capngX) 0.104 0.120 0.152 0.18 0.064 0.080

0.088 0.0175 0.41

For k = 3, the sample is £ ) W i

7 = 0.088 (4" smallest seed) —
inclusion probabilities are

® py. = 0352

% -

, B pyr =044
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Estimate quality when g() = £()

Let g = q(f, H) be the fraction of the statistics f due to segment H:

_QFRH) _ Seenf(w)
QUFX) ~ 2. f(w)
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Estimate quality when g() = £()

Let g = q(f, H) be the fraction of the statistics f due to segment H:

q= Q(f’ H) _ ZXeH f(Wx)
QUf,x) X flwe)

bound on the Coefficient of Variation (CV) (relative standard deviation)

var[Q(f, H)] _1
Q(f,H) = Vak
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Estimate quality when g() = £()

Let g = q(f, H) be the fraction of the statistics f due to segment H:

_QFRH) _ Seenf(w)
QUFX) ~ 2. f(w)

bound on the Coefficient of Variation (CV) (relative standard deviation)

var[Q(f, H)] _1
Q(f,H) = Vak

+concentration: sample size k = ce 2/q then prob. of rel. error > ¢
decreases exponentially in c.
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Interpreting the CV bound for g() = f()

CV (relative standard deviation, NRMSE) bound

var[@(f,H)] _ 1
Q(f.H)  — ak
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Interpreting the CV bound for g() = f()

CV (relative standard deviation, NRMSE) bound

var[Q(f, H)] _1
QIf,H) = Vak

= If we want CV < € on segments H that have g(f, H) > g fraction
of the total f statistics, we need a sample of size k = ¢2/q
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Interpreting the CV bound for g() = f()

CV (relative standard deviation, NRMSE) bound

var[@(f,H)] _ 1
Q(f.H)  — ak

= If we want CV < € on segments H that have g(f, H) > g fraction
of the total f statistics, we need a sample of size k = ¢2/q

Il This is the optimal size/quality tradeoff for sampling (on average over
segments with proportion q)

For CV € < 10% and g > 0.1% = Sample size k = 10°.
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Interpreting the CV bound for g() = f()

CV (relative standard deviation, NRMSE) bound

var[@(f,H)] _ 1
Q(f.H)  — ak

= If we want CV < € on segments H that have g(f, H) > g fraction
of the total f statistics, we need a sample of size k = ¢2/q

Il This is the optimal size/quality tradeoff for sampling (on average over
segments with proportion q)

For CV € < 10% and g > 0.1% = Sample size k = 10°.

. usually k < total number of active keys.
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Estimate quality when g() # f()

We can estimate unbiasedly any statistics Q(g, H) from a weighted
sample taken with respect to f.
But what can we say about estimate quality ?
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Estimate quality when g() # f()

We can estimate unbiasedly any statistics Q(g, H) from a weighted
sample taken with respect to f.

But what can we say about estimate quality ?

Disparity between g, f:

e 1) = e o s )
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Estimate quality when g() # f()

We can estimate unbiasedly any statistics Q(g, H) from a weighted
sample taken with respect to f.

But what can we say about estimate quality ?

Disparity between g, f:

e 1) = e o s )

o Disparity is always p(g,f) > 1.
o We have p(g,f) =1 < g = cf for some c.
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Estimate quality when g() # f()

We can estimate unbiasedly any statistics Q(g, H) from a weighted
sample taken with respect to f.

But what can we say about estimate quality ?

Disparity between g, f:

e 1) = e o s )

o Disparity is always p(g,f) > 1.
o We have p(g,f) =1 < g = cf for some c.

CV of Q(g, H) is at most (&£)°°.
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Multi-Objective (MO) Samples

A weighted sample of size k = ¢~2 with respect to f gives estimates of

Q(g, H) with CV < ey/p/q.
—> guarantees on quality for Q(g, H) degrades with disparity p(f, g).

What if we want CV < ¢/,/q for several f € F 7
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—> guarantees on quality for Q(g, H) degrades with disparity p(f, g).

What if we want CV < ¢/,/q for several f € F 7
Naive solution: Use |F| independent samples S¢ for f € F. Size is |F|e~2.
Can we do better ?

Multi-objective samples

Approach

@ Make the samples for different f € F as similar as possible.
Sample Coordination [BEJ72, Coh97]: Similar samples S¢ for similar f.
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Multi-Objective (MO) Samples

A weighted sample of size k = ¢~2 with respect to f gives estimates of

Q(g, H) with CV < ey/p/q.
—> guarantees on quality for Q(g, H) degrades with disparity p(f, g).

What if we want CV < ¢/,/q for several f € F 7
Naive solution: Use |F| independent samples S¢ for f € F. Size is |F|e~2.
Can we do better ?

Multi-objective samples
Approach

@ Make the samples for different f € F as similar as possible.
Sample Coordination [BEJ72, Coh97]: Similar samples S¢ for similar f.

@ Work with a single sample, use estimators that use the inclusion
probabilities in at least one sample.
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Multi-Objective (MO) Samples

Multi-objective sample Sg
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Multi-Objective (MO) Samples

Multi-objective sample Sg

® Sk = Uscr St is the union of coordinated bottom-k (or pps)
samples for f € F
E.g. with priority sampling, draw u, ~ U[0, 1] once, and for S¢ use
seed(x) = uyx/f(wy).
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Multi-objective sample Sg

® Sk = Uscr St is the union of coordinated bottom-k (or pps)
samples for f € F
E.g. with priority sampling, draw u, ~ U[0, 1] once, and for S¢ use
seed(x) = uyx/f(wy).

e For estimation, use py = Pr[x € Sg] (inclusion in at least one
dedicated Sf)
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Multi-Objective (MO) Samples

Multi-objective sample Sg

® Sk = Uscr St is the union of coordinated bottom-k (or pps)
samples for f € F
E.g. with priority sampling, draw u, ~ U[0, 1] once, and for S¢ use
seed(x) = uyx/f(wy).

e For estimation, use py = Pr[x € Sg] (inclusion in at least one
dedicated Sf)

e Estimates have CV < ¢/,/q for Q(f,H) for all f € F.
o Size typically < |F|e=2 (but is as small as possible).
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Multi-objective Priority (sequential Poisson) sampling

vati )

. \ . )
x - * # ¥ W B 'ﬁ
Wy 135 2 9 18 21 4 11 4
Count 1 1 1 1 1 1 1 1
caps(wy) 5 2 5 5 5 4 5 4
threshyo 1 0 0 1 1 0 1 0
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Multi-objective

i h

Priority (sequential Poisson) sampling

. A 4 w 2 K
Wy 135 2 9 18 21 4 11 4 2
Count 1 1 1 1 1 1 1 1 1
caps(wy) 5 2 5 5 5 4 5 4 2
threshig 1 0 0 1 1 0 1 0 0
Uy 0.52 0.24 0.76 090 0.14 0.32 0.44 0.07 0.82
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Multi-objective

i h

& B i

Priority (sequential Poisson) sampling

. A4 ro2 K
Wy 135 2 9 18 21 4 11 4 2
Count 1 1 1 1 1 1 1 1 1
caps(wy) 5 2 5 5 5 4 5 4 2
threshig 1 0 0 1 1 0 1 0 0
Uy 0.52 0.24 0.76 0.90 0.14 0.32 0.44 0.07 0.82
m 0.52 o0 o) 090 0.14 o0 0.44 o0 o0
cap:fwx) 0.104 0.120 0.152 0.18 0.064 0.080 0.088 0.0175 0.41
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Multi-objective

i h

& W B

Priority (sequential Poisson) sampling

) A 4 S T |
Wy 135 2 9 18 21 4 11 4 2
Count 1 1 1 1 1 1 1 1 1
caps(wy) 5 2 5 5 5 4 5 4 2
threshig 1 0 0 1 1 0 1 0 0
Uy 0.52 0.24 0.76 0.90 0.14 0.32 0.44 0.07 0.82
m 0.52 o0 o) 090 0.14 o0 0.44 o0 o)
cap:fwx) 0.104 0.120 0.152 0.18 0.064 0.080 0.088 0.0175 0.41

For k = 3, the MO sample for F = {count, threshyg, caps} is:

i h

wﬂlﬁ*ﬁ»z%
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MO sample: Statistical guarantees

To use the MO sample for estimating statistics, we only need to keep the
. .
sampled keys *W iR and inclusion probabilities

i h

P : 1
@ When estimating Q(f, H) for any f € F, the CV is at most TR
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sampled keys *w‘ iR and inclusion probabilities

K]

P : 1
@ When estimating Q(f, H) for any f € F, the CV is at most TR

What can we say on estimate quality f Q(g,H) forg & F ?
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MO sample: Statistical guarantees

To use the MO sample for estimating statistics, we only need to keep the
. .
sampled keys *W iR and inclusion probabilities

i h

P : 1
@ When estimating Q(f, H) for any f € F, the CV is at most TR

What can we say on estimate quality f Q(g, H) for g € F 7

MO sample is at least as good as any of the dedicated samples it
includes = CV is at most mi“%kp(f’g),
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MO sample: Statistical guarantees

To use the MO sample for estimating statistics, we only need to keep the
= ? .
sampled keys * W LR and inclusion probabilities

i h

. . . 1
@ When estimating Q(f, H) for any f € F, the CV is at most TR

What can we say on estimate quality f Q(g, H) for g € F 7

MO sample is at least as good as any of the dedicated samples it
includes = CV is at most mi“%kp(f’g),

Theorem: When g is a nonnegative combination of functions from F,
estimates of Q(g, H) from Sr have CV at most

1
Vak®
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Computing the MO sample

The MO samples are composable: The sample of a union of sets of
elements can be obtained from the samples of the sets.
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The MO samples are composable: The sample of a union of sets of
elements can be obtained from the samples of the sets.

This means that MO sampling can be performed efficiently in streaming
and distributed settings: Single pass with state proportional to sample
size.
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Computing the MO sample

The MO samples are composable: The sample of a union of sets of
elements can be obtained from the samples of the sets.

This means that MO sampling can be performed efficiently in streaming
and distributed settings: Single pass with state proportional to sample
size.

But when computing the sample for arbitrary F, we still need to test
each key for possible membership in the sample, which is at least O(|F]).
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Challenge

What can we say on both sample size and computation for some natural
classes of functions

@ All monotone non-decreasing f ?
@ All Capping functions ?
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Challenge

What can we say on both sample size and computation for some natural
classes of functions

@ All monotone non-decreasing f ?
@ All Capping functions ?

|F| is very large, we do not want the computation to depend on F.
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Universal sample for all monotone functions

MO sampling the set M of all monotone non-decreasing functions f(w;)
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Universal sample for all monotone functions

MO sampling the set M of all monotone non-decreasing functions f(w;)

M includes all moment, capping, threshold functions and more ...

o Size: E[|Sm|] < e72In n, where n is the number of keys.
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M includes all moment, capping, threshold functions and more ...

o Size: E[|Sm|] < e72In n, where n is the number of keys.
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be computed using O(nloge~1) operations.
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Universal sample for all monotone functions

MO sampling the set M of all monotone non-decreasing functions f(w;)

M includes all moment, capping, threshold functions and more ...

o Size: E[|Sm|] < e72In n, where n is the number of keys.
e Computation: Sy and inclusion probabilities used for estimation can
be computed using O(nloge~1) operations.

o Tight lower bound: When keys have distinct weights, any sample
providing these statistical guarantees has size Q(e~2In n).
Enough to look at thresh functions (threshr(x) =1if x > T and 0
otherwise)
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Universal sample for all monotone functions

MO sampling the set M of all monotone non-decreasing functions f(w;)

M includes all moment, capping, threshold functions and more ...

o Size: E[|Sm|] < e72In n, where n is the number of keys.
e Computation: Sy and inclusion probabilities used for estimation can
be computed using O(nloge~1) operations.

o Tight lower bound: When keys have distinct weights, any sample
providing these statistical guarantees has size Q(e~2In n).
Enough to look at thresh functions (threshr(x) =1if x > T and 0
otherwise)

Sampling scheme builds on a surprising relation to computing
All-Distances sketches [Coh97, Coh15a])
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Universal monotone sample: Characterization

Key idea in sampling scheme design:
A simple characterization of the sample Sy, which enables us to compute

it very efficiently.

If we sort all keys by decreasing weights, a key x is included in Sy, if and
only if its random hash u, is among the k smallest hash values of keys in

the prefix.
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Universal monotone sample: Characterization

Key idea in sampling scheme design:
A simple characterization of the sample Sy, which enables us to compute

it very efficiently.
If we sort all keys by decreasing weights, a key x is included in Sy, if and
only if its random hash u, is among the k smallest hash values of keys in

the prefix.

Can also compute the inclusion probabilities efficiently.
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Universal function for all capping functions

capr(w) = min{T,w}
e C C M thus 5¢ C Sy

o Efficient sampling scheme for S¢: Identify all keys “eligible” for
inclusion in Sy and trim down.

e Typically |Sc| < |Sm|. Therefore, if we are only interested in
nonnegative combinations of capping functions, we should work with
Sc.
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Conclusion

@ Weighted sampling is a powerful way to summarize massive data.

@ Unbiased estimates for all statistics, but strong statistical guarantees
on quality only for the particular “weights” f(wy) (or very similar
weights).

@ With multi-objective weighted samples we can provide desired
statistical guarantees for different “objectives” while minimizing the
required summary size.
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New results:
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monotone non-decreasing functions.

@ Showed that Sy is larger than a dedicated sample (which provides
the quality guarantees for a single 1), by at most a In n factor.
+ Tight lower bound on |Sp| when weights are distinct
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Conclusion

@ Weighted sampling is a powerful way to summarize massive data.

@ Unbiased estimates for all statistics, but strong statistical guarantees
on quality only for the particular “weights” f(wy) (or very similar
weights).

@ With multi-objective weighted samples we can provide desired
statistical guarantees for different “objectives” while minimizing the
required summary size.

New results:

@ Basic closure property of MO samples Sg: Statistical guarantees
extend to for nonnegative linear combinations of function in F.

o Efficient universal sampling scheme for the the set M of all
monotone non-decreasing functions.

@ Showed that Sy is larger than a dedicated sample (which provides
the quality guarantees for a single 1), by at most a In n factor.
+ Tight lower bound on |Sp| when weights are distinct

o Efficient sampling scheme for the universal capping sample
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Thank you!!
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